Asteroseismological determinations of stellar ages have shown that old main-sequence dwarfs do not obey gyrochronology. Their rotation is slow compared to young stars but faster than gyrochronology predicts. This can be explained by the presence of a maximum rotation period beyond which the large-scale dynamo switches off and stops providing global magnetic fields necessary for stellar spindown. Assuming this explanation, the excess of stellar dynamo parameters over their marginal values can be estimated for given spectral type and rotation rate. The estimation gives the dynamo number for the Sun about 10% above its critical value. The corresponding dynamo model provides -though with some further tuning -reasonable results for the Sun. Following the same approach, the differential rotation and marginal dynamo modes are computed for stars between 0.7 and 1.2 solar masses. With increasing stellar mass, the differential rotation and the ratio of toroidal-to-poloidal field are predicted to increase while the field topology changes from dipolar to mixed quadrupolar-dipolar parity.
INTRODUCTION
Self-sustained hydromagnetic dynamos in general and stellar dynamos in particular can be understood as instabilities of conducting fluids to magnetic disturbances (cf., e.g., Moffatt 1978) . The dynamo instability amplifies a pre-existing seed field and sustains it against Ohmic decay. Similar to all known instabilities, dynamos are active only if a certain controlling parameter exceeds a definite critical value. In the case of stellar dynamos, a properly normalized rotation rate can be chosen as the controlling parameter. Durney & Latour (1978) were probably the first to argue that stellar dynamos can produce global magnetic fields only if the ratio Ro = Prot/τ of the rotation period Prot to convective turnover time τ is not too large, Ro < ∼ 1. They explained the relative fast rotation of stars of spectral type earlier than F6 by their inability to sustain a global dynamo in their shallow convection zones. Dwarf stars of later spectral types are spinning down because of the angular momentum loss due to a magnetically coupled wind. Largescale magnetic fields of presumably dynamo origin enhance the spin-down by increasing the effective radius of stellar wind emanation (Kraft 1967) . The rotation period of the dynamo-hosting stars increases with age t according to ⋆ E-mail: kit@iszf.irk.ru the Skumanich (1972) law: Prot ∝ √ t. Empirical specification of the proportionality coefficient in the Skumanich law as a function of stellar mass (or equivalent parameter) gave rise to gyrochronology -a determination of dwarf star ages from their rotation rates and mass (Barnes 2003 (Barnes , 2007 Collier Cameron et al. 2009; Meibom et al. 2009 ).
Gyrochronology was considered to be an almost universal tool for determination of the ages of dwarf stars until the recent accumulation of asteroseismic data revealed its limitations. The data on stellar oscillations can be used in combination with photometric and spectroscopic data and stellar structure models to determine stellar ages (Chaplin et al. 2014; Silva Aguirre & Serenelli 2016) . Angus et al. (2015) used the wealth of asteroseismic data from the Kepler mission to calibrate gyrochronology and found that there is no common gyrochronology relation for stars of all ages. Dwarf stars, which have passed more than about a half of their main-sequence life, do not obey gyrochronology. They rotate faster than gyrochronology predicts Metcalfe et al. 2016) . The old stars rotate much slower than young stars of comparable mass but still faster than it follows from gyrochronology calibrated for young clusters, their magnetic activity being low.
From the standpoint of dynamo theory, the explanation for the deviation from gyrochronology seems to be straightforward: the stars spin down to the marginal rotation rate c 2017 The Authors for the onset of global dynamos where spindown stops or becomes inefficient. Though the explanation seems plausible, uncertainties in dynamo theory do not allow its confirmation by modelling stellar dynamos. This paper tries to progress in another direction: by reducing uncertainties in dynamo modelling on the basis of stellar rotation data.
Dynamo theory for stellar activity enjoyed a certain recent progress (cf., e.g., review by Choudhuri 2017). Parameters of dynamo models, nevertheless, cannot be confidently estimated. In particular, the value of the dynamo number and degree of the excess of the number over its critical value for the onset of dynamo instability are prescribed arbitrarily. This paper suggests the estimation of the maximum rotation period for dynamo operation as the function of B − V colour. The estimation suggests the dynamo number for the Sun to be about 10% above its critical value. The estimation is then used in a particular version of the flux-transport dynamo model pioneered by Choudhuri et al. (1995) and Durney (1995) to simulate the solar activity cycle. The simulations show -though with some further tuning -close correspondence to solar observations. The paper proceeds by modelling differential rotation and marginal dynamo regimes for a range of spectral types from late F to mid K. The computations predict the differential rotation and magnetic field topology for solar-type stars close to breakup of their global dynamos. An observational test of the predictions can further constrain dynamo models.
BASIC ASSUMPTIONS AND METHOD
Dynamo models produce large-scale fields of finite amplitude for dynamo numbers D > Dc exceeding its critical value Dc, and zero fields otherwise. We therefore assume that gyrochronology calibrated with relatively young stars is valid up to the age when the critical rotation period Pc is reached, beyond which the global dynamo is switched-off. The empirical relation by Barnes (2007) ,
with a = 0.773, n = 0.519, and b = 0.601 is used to specify the rotation period of relatively young stars of given B − V colour and age t measured in Myr.
The maximum rotation period terminating validity of Eq. (1) can be inferred from stellar rotation data. Figure 1 of (Rengarajan 1984) clearly shows that rotation periods of solar-type stars do not exceed a maximum value dependent on B − V . Rengarajan approximated this maximum value by the linear relation, which can be written as
He supposed that this approximation gives the rotation period for the end of the main-sequence life of a star. A combination of Eqs (1) and (2) can, however, show that the maximum rotation period is reached at the age of
roughly in the middle of main-sequence evolution (in agreement with Metcalfe et al. 2016) . In particular, for the solar value of B − V = 0.656, the maximum rotation period of about 28 d follows for the age of about 5 Gyr. We suggest the dynamo-initiated spindown up to the maximum rotation period of Eq. (2) where the dynamo stops as the approximate -possibly not very precise -scenario. It may be noted that the expressions in brackets of Eqs (1) and (2) are very similar implying that the stars of B − V < ∼ 0.4 are not able to sustain large-scale dynamos in their shallow convection zones.
The main controlling parameter for the αΩ-dynamos which are believed to operate in the Sun and not too young solar-type stars is the dynamo number
where η T is the eddy diffusivity, R is the stellar radius, ∆Ω is the differential rotation, and α is the parameter of the α-effect of toroidal-to-poloidal field conversion (Krause & Rädler 1980) . Which kind of α-effect is more important -the Babcock-Leighton (BL) mechanism (Babcock 1961) or the canonical effect of turbulent convection by Parker (1955) -seems to be the main uncertainty of solar/stellar dynamo modeling. There is observational evidence for the operation of the BL mechanism on the Sun (Dasi-Espuig et al. 2010; Kitchatinov & Olemskoy 2011a) . The participation of the canonical α-effect is favoured by theoretical arguments (Passos et al. 2014; Hazra et al. 2014b) . Whatever mechanism produces the α-effect, there is a general consensus about its origin from the action of the Coriolis force on relatively small-scale motions. The α-parameter is therefore proportional to the rotation rate and can be written as
where αc is the critical α-value of a particular dynamo model and Pc is the maximum rotation period of Eq. (2). Sidereal rotation period Prot = 25.4 d and Eq. (2) give the ratio Pc/Prot = 1.1 for the Sun. The solar dynamo is, therefore, estimated to be about 10% supercritical.
Other parameters in the dynamo number (4) depend on rotation rate less than α. The radius and the eddy diffusivity vary little with main-sequence age. The rapidly rotating solar twin AB Doradus is observed to possess nearly the same differential rotation as the Sun (Donati & Collier Cameron 1997) . Differential rotation modelling for intermediate rotation rates show only its moderate variation (Kitchatinov & Olemskoy 2012) . The expression for dynamo number, D = DcPc/Prot, similar to Eq. (5), can therefore be suggested as a recipe for estimating the number in models for stars of given rotation period and colour. The recipe will be used below in a solar dynamo model, which seems to produce reasonable results.
The model is then applied to stars of different mass to estimate critical dynamo parameters and marginal dynamo modes. This is done as follows. Structure of a star has to be specified to model its differential rotation and dynamo. The EZ code by Paxton (2004) is used to compute the evolutionary sequence of structure models for a star of given mass and metallicity Z = 0.02. For each evolutionary stage, the table of colour-temperature relations and the interpolation code of VandenBerg & Clem (2003) are used to estimate the B − V colour and gyrochronological rotation period of Eq. (1). When the rotation period becomes close to the maximum rotation period of Eq. (2), the star is supposed to be at the evolutionary stage of marginal dynamo. The corresponding structure model is then used to compute the differential rotation and global magnetic field modes of the marginal dynamo as described in Section 3.
The computations were performed for the mass in the range of (0.7 − 1.2)M⊙ with step of 0.05M⊙. For smaller mass, the age of approaching the maximum period of Eq. (2) exceeds the age of the Galaxy. For larger mass, modelling of dynamos in shallow convection zones becomes problematic. This mass range corresponds to B − V from about 0.5 to 1.2. The empirical upper bound on the rotation period of Eq. (2) was found by (Rengarajan 1984) for the range of 0.5 < B − V < 1. We assume that Eq. (2) remains valid beyond this range and extrapolate it up to B − V = 1.2. It may be noted, that stellar mass is not a convenient structure parameter. The structure depends on the chemical composition of a star and varies considerably with metallicity for given mass. The dependencies on mass and metallicity combine, however, into a common dependence on the effective temperature (or colour) when the temperature (colour) is used as the structure parameter (cf., e.g., fig. 1 in Kitchatinov & Olemskoy 2012) . The B − V colour is, therefore, used as the structure parameter.
DYNAMO MODEL
The lack of data on the internal magnetic field of the Sun precludes a selection of a conventional dynamo model from those hitherto proposed. The flux-transport (advectiondominated) models with BL mechanism of poloidal field regeneration as the α-effect (Choudhuri et al. 1995; Durney 1995) provide, however, the closest agreement with surface observations. The model of this paper belongs to this class of dynamo model. It is almost identical to the model of a previous publication (Kitchatinov & Nepomnyashchikh 2017, KN17 hereafter) where more details on the model design can be found.
The model solves the mean-field induction equation,
in a spherical layer of a stellar convection zone. In this equation, E is the mean electromotive force (EMF, cf. Krause & Rädler 1980) which includes the effects of turbulent diffusion, diamagnetic pumping and the α-effect specified below. The usual spherical coordinates (r, θ, φ) are used and axial symmetry of the large-scale magnetic (B) and velocity (V ) fields about the rotation axis is assumed:
where B is the toroidal field, A is the poloidal field potential, Ω is the angular velocity, ψ is the stream function of the meridional flow, and e φ is the azimuthal unit vector. The flow V is specified using the differential rotation model of Kitchatinov & Olemskoy (2011b . A peculiarity of the model is that the eddy transport coefficients are not prescribed but expressed in terms of the entropy gradient, the entropy being one of the dependent variables of the model. The eddy viscosity, in particular, is specified as
where S is the entropy, g is gravity, τ and ℓ are the convective temporal and spatial scales, respectively, and cp is the specific heat at constant pressure. The only significant modification of the model since 2011 is that the mixing length ℓ is reduced near the base of the convection zone. This length is usually assumed to be proportional to the local pressure scale height: ℓ0 = α MLT Hp. It seems, however, plausible that the length should decrease on approaching the the base below which the convection does not penetrate:
where erf is the error function, ri is the radius of the base of the convection zone, ℓmin = 0.01R, x ℓ = 1.01, and d = 0.025.
The model with such a re-defined length-scale (9) was used to specify the differential rotation, meridional flow and the eddy diffusivities for dynamo simulations. The azimuthal component of Eq. (6) gives the dynamo equation for the toroidal field:
In this equation, the first line on the right-hand side describes the toroidal field production by the differential rotation, the second line -the field advection by the meridional flow, and the third line -the turbulent transport. Our model includes the anisotropy of turbulent transport induced by rotation. The rather complicated expression for EMF for rotating fluids (Pipin 2008) can be split in three relatively simple parts representing physically different effects of turbulent diffusion (E diff ), diamagnetic pumping (E dia ), and the α-effect (E α ):
The diffusive part of the EMF reads
where e is the unit vector along the rotation axis, η is the isotropic part of the eddy diffusivity, and η is the additional diffusivity for the direction along the rotation axis. The rotationally induced anisotropy results in a difference between the coefficients of eddy diffusion for the directions along (η + η ) and across (η) the rotation axis,
In this equation, η T is the diffusivity for non-rotating fluid and the dependence on rotation rate enters via the functions φ(Ω * ) and φ (Ω * ) of the Coriolis number
In the slow rotation limit, Ω * → 0, φ → 1, φ → 0, and Eq. (12) reduces to the usual expression for isotropic diffusion.
Diamagnetic pumping is important for solar and presumably for stellar dynamos (Käpylä et al. 2006; Guerrero & de Gouveia Dal Pino 2008) . The part of EMF responsible for the pumping effect reads
where the second term on the right-hand side is again caused by the rotational anisotropy. The references for the explicit expressions for the functions φ, φ , and φ1 are given in KN17. The near-bottom sub-adiabatic layer of penetrative convection with reduced diffusion is important for the effect of diamagnetic pumping. The non-local effect of penetration is not accounted for by the local estimation (8) for the eddy viscosity. To account for the penetration layer, we reduce the magnetic eddy diffusivity in a thin layer near the bottom similar to the Eq. (9) for the mixing length:
where ν T is the eddy viscosity of Eq. (8), Pm is the magnetic Prandtl number, νi = 10
is the maximum value of ν T within the convection zone), and xη = 1.1.
Only the azimuthal component of E α contributes to the αΩ-dynamo equations. We prescribe the E α φ as follows
where re is the radius of the external boundary of the simulation domain (re = 0.97R in all computations of this paper), the functions F (θ) and φα(x) define the distributions of the α-effect over latitude and radius, respectively. B0 = 10 kG slightly above the energy equipartition value for deep solar convection was used in the solar dynamo model. Computations of the marginal modes of stellar dynamos do not need a specification of B0. The BL mechanism is related to finite tilts of the surface bipolar active regions (Babcock 1961) . The poloidal field generation is, therefore prescribed to occur near the surface and at relatively low latitudes:
hα = 0.02 in the computations of this paper. The α-effect of Eq. (17) is non-local in space: the poloidal field is generated near the surface from the bottom toroidal field B(ri, θ). The poloidal field equation reads
The explicit expressions for the EMF components Er, E θ and E φ in the dynamo equations (10) and (19) can be found from Eqs. (12), (15) and (17). We do not write these explicit expressions in the dynamo equations to avoid complexity. The boundary conditions correspond to the interface with a superconductor at the inner boundary,
and vertical field at the external boundary, The best fit to the 11-year duration of the solar cycle and dipolar parity of magnetic fields is obtained with the Prandtl number Pm = 3 in Eq. (16) and nα = 7 in Eq.(18) (KN17). All computations of this paper were performed with these parameter values. The method of numerical solution of the dynamo equations is described in KN17. The model does not normalize variables to dimensionless units and the dimensional α-parameter of Eq. (17) is the governing parameter of the model.
RESULTS

Test case: the Sun
Estimations of Section 2 suggest that the α-parameter for the Sun exceeds its critical value for onset of the dynamoinstability by about 10%. We proceed by estimating the critical value and constructing a nonlinear model for the solar dynamo with the 10% super-criticality to evaluate the performance of the above-described approach and to illustrate its main steps before applying it to other stars.
The angular velocity distribution, the meridional flow and diffusivity profiles are specified with the differential rotation model. The differential rotation of Fig. 1 is close to the results of helioseismology (Wilson et al. 1997; Schou et al. 1998) .
Our model does not include a tachocline. The detections of the convection zone inner boundary at ri = 0.713R⊙ by Christensen-Dalsgaard et al. (1991) and Basu & Antia (1997) and measurements of the tachocline central radius (12) and (15) estimated from the entropy gradient supplied by the differential rotation model. and thickness by Charbonneau et al. (1999) place the entire tachocline beneath the convection zone. Moreover, only radial rotational shear is large in the tachocline that requires an appreciable radial component of the magnetic field for generating the toroidal field. The redial field should be, however, small near the base of the convection zone. Otherwise it is a fossil field penetrating from the radiative interior. The fossil field is not included in our dynamo model.
The modelled meridional flow is shown in Fig. 2 . The flow consists of a single circulation cell with a poleward surface flow and return equator-ward flow of some meters per second near the bottom. The decline of the flow with depth near the base is caused by a decrease in the characteristic scale (9). The slow circulation avoids a confident helioseismic measurement. Fig. 2 is however quite similar to recent results of Rajaguru & Antia (2015) .
An important 'side product' of the differential rotation model is the entropy distribution. The distribution can be used for evaluation of the eddy diffusion with Eqs (8) Figure 4 illustrates such an asymptotic regime for the model of the solar dynamo computed with about 10% supercritical value of α = 0.174 m s −1 . The equatorial drift of the toroidal field in Fig. 4 is caused by the deep meridional flow (Hazra et al. 2014a ). The polar drift of the surface poloidal field is a result of the common action of diffusion and advection. It has to be noted that the values of the magnetic Prandtl number Pm = 3 and nα = 7 in Eq. (18) were chosen to fit the observed period of the solar cycle and dipolar parity of surface fields (KN17). Correspondence of the model of Fig. 4 to solar observations, however, is not limited to the parity and cycle duration. The model is based on the estimation of the excess of the α-parameter over its marginal value described in the Section 2. We proceed by computing marginal modes of stellar dynamos.
Marginal stellar dynamos
Differential rotation is an important input parameter of dynamo models. The differential rotation computed for the stars, which are supposed to be in a state of marginal dynamos, are shown in Fig. 5 as a function of B − V colour. The relation of B − V to the rotation period Pc or age tc of these stars is given by equation (2) or (3), respectively. The range of B − V in this figure corresponds to mature dwarfs in the mass range (0.7 − 1.2)M⊙ and metallicity Z = 0.02.
The increasing trend of the differential rotation with Fig. 6 . The late F-stars are predicted to possess less regular fields of mixed parity. The preference of a certain parity requires some physical agent to link N and S hemispheres for their coherent operation in the generation of the magnetic field (Chatterjee et al. 2004; Hotta & Yokoyama 2010) . The link becomes inefficient in shallow convection envelopes of F stars, at least in the dynamo model of this paper. It may be also noted that F-stars of our sample are younger, and they rotate faster compared to cooler stars. Zeeman-Doppler imaging of See et al. (2016) have shown that complexity of the field topology increases for smaller age or higher rotation rate.
The computations of marginal dynamos cannot define the field amplitude. The ratio of the toroidal-to-poloidal field strengths can, however, be estimated. The ratio of the amplitudes of bottom toroidal to surface poloidal (polar) fields increased with decreasing B−V from about 340 (B−V = 1.19) to 1010 (B − V = 0.50). The simulated large-scale field is increasingly hidden inside the convection zones of stars of increasing mass.
All the simulated dynamos were cyclic. The cycle periods are shown in Fig. 7 . The long cycles from 10 to 14 yr of this figure are typical of old slow rotators (Saar & Brandenburg 1999) . The cycle duration is believed to be controlled by the meridional flow. Fig. 7 shows also the ratio of the cycle period to advection time. The ratiothough not constant -is of the order one and varies moderately. Fig. 8 shows estimations of the Rossby and dynamo numbers. The Rossby number is position-dependent. The estimations of Fig. 8 were done for the radius r one pressure scale hight above the base of the convection zone, i.e. for the radius r where r − ri = Hp. The Rossby number Ro ∼ 2 of Fig. 8 agrees with estimation of van . The two numbers in Fig. 8 are often used to parameterize observations or theoretical computations of magnetic activ-ity. The two parameters of this figure vary moderately but are not constant. This implies that stellar activity can be only crudely parameterized by a single parameter.
CONCLUSIONS
Asteroseismic measurements of stellar ages revealed a dramatic decrease in the rate of stellar spindown and magnetic activity for ages beyond about a half of the main-sequence life Metcalfe et al. 2016) . This paper suggests an explanation for the violation of gyrochronology by a switch-off of the global dynamo for a rotation period exceeding the critical value estimated by Eq. (2). The switchoff should not be abrupt. Dynamo theory explains the observed variations in amplitudes and periods of solar cycles by fluctuations in dynamo parameters (cf. Choudhuri 2011). The fluctuations will cause a star to wander between the parameter regions of (supercritical) dynamo of 'normal' magnetic activity and (subcritical) dynamo of fading activity if the rotation period is close to its critical value. The dynamo models with fluctuating parameters reproduce the statistics of grand solar minima (Usoskin et al. 2007 ) only if the dynamo number is close to its marginal value (Moss et al. 2008; Olemskoy & Kitchatinov 2013; Karak et al. 2015) . It may be appropriate to note that observations of total solar eclipses in the Maunder minimum did not find an extended solar corona (Eddy 1976 ) indicating a relatively small co-rotation radius and inefficient spindown.
Unfortunately, the concept of dynamo switch-off at the critical rotation period cannot be supported by dynamo modelling because of uncertainties in key dynamo parameters. The uncertainties can, however, be reduced using this concept. Eq. (5) for α-parameter or similar equation for the dynamo number can be used to estimate the dynamo parameter values for a star of given rotation period and colour. The estimation gives the excess of about 10% over the critical value for the Sun and computation with the 10% supercriticality provides a reasonable model for the solar dynamo. The concept was then used to estimate the activity cycle periods and global field structure for stars of different mass rotating with periods close to the critical value of Eq. (2). The estimations predict a gradual change from a dipolar surface field in K-stars to more disordered mixed parity fields in late F-stars.
It may be noted that the estimation of Eq. (5) is not limited to the particular dynamo model of this paper. The critical value of the dynamo number is model-dependent but the recipe for estimating an appropriate (supercritical) value for a star of given Prot and B − V is not.
We finally note that Fig. 8 indicates that one parameter -the Rossby number or dynamo number -cannot fully characterize the operation of dynamo, at least, for our model. Gregory et al. (2012) found that magnetic field topology of late-type stars depends strongly on stellar structure. In particular, relative magnitude of toroidal and poloidal field components differ between the fully convective stars and stars with appreciable radiative cores. The structural changes can hardly be accounted for with one parameter -rotation rate or Rossby number. One parameter, therefore, can parameterize stellar magnetic activity only crudely. It seems, however, plausible that the dynamo mechanism is uniquely defined by the rotation rate and structure of a star. Two parameters -say, rotation rate and colour -should, therefore, define uniquely long-term stellar activity. Two is not many.
